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a b s t r a c t
The recently introduced atom–bond connectivity (ABC) index provides a good model for
the stability of linear and branched alkanes as well as the strain energy of cycloalkanes.
Furtula et al. determined the extremal ABC values for chemical trees, and showed that the
star tree Sn has the maximal ABC index among all trees. In this work, we show that among
all n-vertex graphs with vertex connectivity k, the graph Kk

(K1

Kn−k−1) is the unique
graph with maximum ABC index. Furthermore, we determine the maximum ABC index of
a connected graph with n vertices and matching number β and characterize the unique
extremal graph as Kβ

Kn−β .
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
A graphical invariant is a number related to a graph which is structurally invariant, that is to say it is fixed under graph
automorphisms. In chemistry and for chemical graphs, these invariant numbers are known as the topological indices. There
are many publications on the topological indices; see [1–7]. One of the most important topological indices is the Randić
index which is aimed at use in the modelling of the branching of the carbon-atom skeleton of alkanes, and was introduced
by Randić [8]. But a great variety of physico-chemical properties rest on factors rather than branching. In order to take this
into consideration, Estrada et al. proposed a new index, known as the atom–bond connectivity (ABC) index [9] of graph G,
which is abbreviated as ABC(G). ABC(G) is defined as the sum of

du+dv−2
dudv
 1
2
over all edges uv of G, where du denotes the
degree of a vertex u of G, i.e.,
ABC(G) =

uv∈E(G)

du + dv − 2
dudv
.
The ABC index keeps the spirit of the Randić index, and it provides a good model for the stability of linear and branched
alkanes as well as the strain energy of cycloalkanes [9,10].
Recall that the vertex-disjoint union of the graphs G and H is denoted by G

H . Let G

H be the graph obtained from
G

H by adding all possible edges from vertices of G to vertices of H , i.e., G

H = GH . The matching number of the
graph G, denoted as β(G), is the number of edges in a maximum matching. An edge incident to two vertices of degree 1
is called an isolated edge. A component of a graph is said to be even (respectively odd) if it has an even (respectively odd)
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number of vertices. Let G be a graph with n vertices and o(G) be the number of odd components of G. By the Tutte–Berge
formula [11],
n− 2β(G) = max{o(G− X)− |X | : X ⊂ V (G)}.
All graphs considered here are finite and simple. Undefined terminology and notation may be found in [12].
Furtula et al. [13] studied the mathematical properties of the ABC index of trees and proved that the star tree, Sn, has the
maximal ABC value among all trees with n vertices. They also obtained the chemical trees with extremal ABC indices. Xing
et al. [14] gave upper bounds for the ABC index of treeswith fixed number of vertices andmaximumdegree, and ofmolecular
trees with fixed numbers of vertices and pendent vertices, and characterized the extremal trees. Chen and Guo [15] proved
that the ABC index of a graph decreases when any edge is deleted. Consequently it is also proved that the graph with n
vertices and the maximum ABC index is the complete graph Kn. In this work, we give a sharp upper bound for the ABC index
of the graphs with connectivity k and n vertices, and also prove that the graph Kk

(K1

Kn−k−1) has the maximum value
of the ABC index in this class of graphs. For the class of the connected graphs with n vertices and the matching number β ,
we show that the graph Kβ

Kn−β has the maximum ABC index in this class of graphs.
2. The ABC index and the vertex connectivity
In [15], Chen and Guo proved the following lemmas.
Lemma 1 ([15]). Let x1x2 be an edge of a graph G and x1x2 be an edge that is not isolated; then ABC(G− x1x2) < ABC(G).
Lemma 2 ([15]). Let G be a graphwithout isolated edges and isolated vertices and H be a subgraph of G; then ABC(H) ≤ ABC(G),
and the equality holds if and only if G = H.
Note that any n-vertex simple graph is a subgraph of Kn. By Lemma 2, Kn is the unique n-vertex graphwhose ABC index is
maximum. But the vertex connectivity of Kn is n−1. Let G(n, k) be the collection of graphs on n vertices whose connectivity
is exactly k. More generally, what is the best possible upper bound for ABC(G) among all graphs G ∈ G(n, k)?
In this section, we will give a sharp upper bound on the ABC index among all graphs G ∈ G(n, k), and also prove that the
graph Kk

(K1

Kn−k−1) has the maximum value of the ABC index in G(n, k).
We firstly give two lemmas which are useful in the proofs of our main results.
Lemma 3. Let h(x) = 3x4+14kx3−17x3+27k2x2−60kx2+33x2+24k3x−87k2x+90kx−27x+8k4−44k3+80k2−52k+8,
where x ≥ 1, k ≥ 2, x, k ∈ R; then h(x) > 0.
Proof. Since x ≥ 1 and k ≥ 2, we have
26kx2 − 51x2 > 0;
16kx2 + 54k2x− 120kx > 0;
66x− 27 > 0;
24k(k− 2)2 + 9k2 − 6k > 0.
This leads to
h′(x) = 12x3 + 42kx2 − 51x2 + 54k2x− 120kx+ 66x+ 24k3 − 87k2 + 90k− 27
> 42kx2 − 51x2 + 54k2x− 120kx+ 66x+ 24k3 − 87k2 + 90k− 27
= (26kx2 − 51x2)+ (16kx2 + 54k2x− 120kx)+ (66x− 27)+ (24k(k− 2)2 + 9k2 − 6k)
> 0.
So h(x) is monotone increasing on [1,+∞). Therefore h(x) ≥ h(1) = 8k4−20k3+20k2−8k = 2k2−3k+24k(k−1)
> 0. 
Lemma 4. Let f (x) = x(x−1)2

2k+2x−4
(k+x−1)2 , g(x) = kx

k+x+n−4
(k+x−1)(n−1) , F(x) = f (x) + g(x), where x ≥ 1, k ≥ 1, n0 − x − k ≥ 1,
n−x−k ≥ 1, n0 ≤ n, x ∈ R, k, n0, n ∈ N. Then for x ∈ ( n0−k2 , n0−k−1], F(x)+F(n0−k−x) is monotone increasing; for x ∈
[1, n0−k2 ], F(x)+F(n0−k−x) is monotone decreasing. Furthermoremax1≤x≤n0−k−1(F(x)+F(n0−k−x)) = F(1)+F(n0−k−1).
Proof. Case 1. k = 1.
Then
F(x) = f (x)+ g(x) = x− 1
2
√
2x− 2+ x

x+ n− 3
x(n− 1) .
In the followingwewill discuss themonotonicity of the function F(x)+F(n0−x−1) in [1, n0−2]. Since F(x)+F(n0−x−1)
is a continuous function, we only consider this problem in the open interval (1, n0 − 2).
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Since x > 1, k ≥ 1, n0 − x− k ≥ 1, n ≥ n0, we have n ≥ 3 and 92x4 > (x−1)x(n+x−3)n−1 .
Then we get 92x
4(n+ x− 3)4 > (n− 3)4 (x−1)x(n+x−3)n−1 , that is
9
2
x−1 >
(n−3)4· x(n+x−3)n−1
x4(n+x−3)4 .
Taking the square root, we get 3√
2
√
x−1 >
(n−3)2

x(n+x−3)
n−1
x2(n+x−3)2 .
Hence, F ′′(x) = 14

3√
2
√
x−1 −
(n−3)2

x(n+x−3)
n−1
x2(n+x−3)2

> 0; we have that F ′(x) is monotone increasing in (1, n0 − 2).
So, for x > n0− x−1, (F(x)+ F(n0− x−1))′ = F ′(x)− F ′(n0− x−1) > 0; for x ≤ n0− x−1, (F(x)+ F(n0− x−1))′ =
F ′(x)− F ′(n0 − x− 1) ≤ 0.
It follows that for n0−12 < x ≤ n0−2, F(x)+F(n0−x−1) is monotone increasing; for 1 ≤ x ≤ n0−12 , F(x)+F(n0−x−1)
is monotone decreasing. Furthermore max1≤x≤n0−2(F(x)+ F(n0 − x− 1)) = F(1)+ F(n0 − 2).
Case 2. k ≥ 2.
Since x ≥ 1 and n− x− k ≥ 1, by Lemma 3 we have
f ′′(x) = 3x
4 + 14kx3 − 17x3 + 27k2x2 − 60kx2 + 33x2 + 24k3x− 87k2x
4
√
2

k+x−2
(k+x−1)2
 3
2
(k+ x− 1)6
+ 90kx− 27x+ 8k
4 − 44k3 + 80k2 − 52k+ 8
4
√
2

k+x−2
(k+x−1)2
 3
2
(k+ x− 1)6
= h(x)
4
√
2

k+x−2
(k+x−1)2
 3
2
(k+ x− 1)6
> 0;
g ′′(x) =
k(n− 3)

n+k+x−4
(n−1)(k+x−1)

4(k− 1)(n+ k− 4)+ (n+ 4k− 7)x

8(k+ x− 1)2(k+ n+ x− 4)2 > 0.
So F ′′(x) = f ′′(x)+ g ′′(x) > 0. Thus F ′(x) is monotone increasing for x ∈ [1, n0 − k− 1].
So, for x > n0− x− k, (F(x)+ F(n0− x− k))′ = F ′(x)− F ′(n0− x− k) > 0; for x ≤ n0− x− k, (F(x)+ F(n0− x− k))′ =
F ′(x)− F ′(n0 − x− k) ≤ 0.
It follows that for n0−k2 < x ≤ n0−k−1, F(x)+F(n0−x−k) ismonotone increasing; for 1 ≤ x ≤ n0−k2 , F(x)+F(n0−x−k)
is monotone decreasing. Furthermore max1≤x≤n0−k−1(F(x)+ F(n0 − x− k)) = F(1)+ F(n0 − k− 1). 
Theorem 1. Let G ∈ G(n, k); then ABC(G) ≤ k(k−1)2(n−1)
√
2n− 4+k

k+n−3
k(n−1) + (n−k−2)(n−k−1)2(n−2)
√
2n− 6+k(n−k−1)

2n−5
(n−1)(n−2) ,
with the equality holding if and only if G ∼= Kk(K1 Kn−k−1), where n ≥ 3, 1 ≤ k ≤ n− 1.
Proof. If k = n − 1, then G = Kn. By the definition of the ABC index, for any r-regular graphs G on n vertices, ABC(G) =
n
√
2r−2
2 . So ABC(Kn) = n
√
2n−4
2 . It is not hard to check that Theorem 1 holds.
Suppose now that 1 ≤ k ≤ n− 2. Let G0 ∈ G(n, k) be a graph having maximum ABC index. There must exist a k-element
set S ⊆ V (G0) such that G0− S is disconnected. Let G1,G2, . . . ,Gt be all connected components of G0− S. Obviously, t ≥ 2.
If t > 2, by Lemma 1 we know that adding an edge between V (G1) and V (G2) will preserve the connectivity of the graph
but increase the ABC index, and this contradicts the maximality of ABC(G0). So t = 2 and G0 − S has exactly two connected
components G1 and G2. By a similar argument we can see that G1,G2 and the induced subgraph G0[S] should be complete
graphs. Also all vertices in S are adjacent with all vertices in V (G1) and V (G2).
Let |V (G1)| = n1, |V (G2)| = n2; then n = n1 + n2 + k. From the above arguments, we know that G0 ∼= Kk(Kn1  Kn2)
and that for x ∈ V (G1), y ∈ V (G2), z ∈ S, dx = k+ (n1 − 1), dy = k+ (n2 − 1) and dz = n− 1.
It follows that
ABC(G0) = k(k− 1)2

2n− 4
(n− 1)2 +
n1(n1 − 1)
2

2k+ 2n1 − 4
(k+ n1 − 1)2
+ kn1

k+ n1 − 1+ n− 1− 2
(k+ n1 − 1)(n− 1) +
n2(n2 − 1)
2

2k+ 2n2 − 4
(k+ n2 − 1)2 + kn2

k+ n2 − 1+ n− 1− 2
(k+ n2 − 1)(n− 1) .
By the definition of F(x) in Lemma 4,
ABC(G0) = k(k− 1)2(n− 1)
√
2n− 4+ F(n1)+ F(n− n1 − k).
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By Lemma 4 and bearing in mind the maximality of ABC(G0), we have
ABC(G0) = k(k− 1)2(n− 1)
√
2n− 4+ F(1)+ F(n− k− 1)
= k(k− 1)
2(n− 1)
√
2n− 4+ k

k+ n− 3
k(n− 1) +
(n− 2)(n− 3)
2(k+ n− 3)
√
2k+ 2n− 8
+ k(n− 2)

k+ 2n− 6
(k+ n− 3)(n− 1) .
It follows that G0 ∼= Kk(K1 Kn−k−1). 
Let k′ < k. It is clear that Kk′

(K1

Kn−k′−1) is the subgraph of Kk

(K1

Kn−k−1). By Theorem 1 and Lemma 2, we
have the following theorem.
Theorem 2. Let G be an n-vertex graph with vertex connectivity not more than k (1 ≤ k ≤ n− 1). Then
ABC(G) ≤ k(k− 1)
2(n− 1)
√
2n− 4+ k

k+ n− 3
k(n− 1) +
(n− k− 2)(n− k− 1)
2(n− 2)
√
2n− 6+ k(n− k− 1)

2n− 5
(n− 1)(n− 2) ,
with the equality holding if and only if G ∼= Kk(K1 Kn−k−1).
3. The ABC index and the matching number
In this section, we will show that among all n-vertex connected graphs with matching number β , the graph Kβ

Kn−β
has the maximum ABC index.
Lemma 5. Let G1 = Kk(Kn1  Kn2  · · · Kni  · · · Knj  · · · Knt ),G2 = Kk(Kn1  Kn2  · · · Kni−1 · · ·
Knj+1
 · · · Knt ), where 2 ≤ ni ≤ nj, 1 ≤ i < j ≤ t, k + n1 + · · · + nt = n, k ≥ 1, t ≥ 2, k, t, n1, n2, . . . , nt ∈ N.
Then ABC(G2) > ABC(G1).
Proof. Let ni + nj + k = n0; then ni ≤ n0−k2 and nj = n0 − ni − k.
By the definition of the ABC index and the definition of F(x) in Lemma 4,
ABC(G2)− ABC(G1) = (ni − 1)(ni − 2)2

2k+ 2ni − 6
(k+ ni − 2)2 + k(ni − 1)

k+ ni + n− 5
(k+ ni − 2)(n− 1)
+ (nj + 1)nj
2

2k+ 2nj − 2
(k+ nj)2 + k(nj + 1)

k+ nj + n− 3
(k+ nj)(n− 1)
−

ni(ni − 1)
2

2k+ 2ni − 4
(k+ ni − 1)2 + kni

k+ ni + n− 4
(k+ ni − 1)(n− 1)
+ nj(nj − 1)
2

2k+ 2nj − 4
(k+ nj − 1)2 + knj

k+ nj + n− 4
(k+ nj − 1)(n− 1)

= F(ni − 1)+ F(n0 − ni + 1− k)−

F(ni)+ F(n0 − ni − k)

> 0 (by Lemma 4). 
Theorem 3. Let G be a connected graph with n vertices and matching number β , where 1 ≤ β ≤ ⌊n/2⌋.
(i) If β = ⌊n/2⌋, then ABC(G) ≤ n2
√
2n− 4 with equality if and only if G ∼= Kn.
(ii) If 1 ≤ β ≤ ⌊n/2⌋ − 1, then ABC(G) ≤ β(β−1)2(n−1)
√
2n− 4+ β(n− β)

β+n−3
β(n−1) , with equality if and only if G ∼= Kβ

Kn−β .
Proof. Let G0 be a graph having themaximum ABC index among all connected graphs with n vertices andmatching number
β . Then there exists a subset X0 ⊂ V (G0) such that n− 2β = max{o(G− X)− |X | : X ⊂ V (G0)} = o(G0 − X0)− |X0|. For
convenience, let |X0| = k, and o(G0 − X0) = t . Then n− 2β = t − k, t − k = n− 2β ≥ k+ t − 2β , and k ≤ β .
(i) β = ⌊n/2⌋.
By Lemma 2, we have G0 ∼= Kn. Then ABC(G) ≤ n2
√
2n− 4, with equality if and only if G ∼= Kn.
(ii) 1 ≤ β ≤ ⌊n/2⌋ − 1.
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Suppose k = 0; then G0 − X0 = G0 and n − 2β = t ≤ 1. If t = 0, then β = n2 ; if t = 1 (i.e., n is odd), then β = n−12 . In
either case, we have G0 ∼= Kn and ABC(G0) = n2
√
2n− 4.
Suppose in the following that k ≥ 1. Then n ≥ 4 and t ≥ 3. Let G1,G2, . . . ,Gt be all the odd components of G0 − X0.
If G0 − X0 has an even component Gt+1, let G′ = G0 + e be obtained from G0 by adding an edge e between G1 and Gt+1;
we get n − 2β(G′) ≥ o(G′ − X0) − |X0| = o(G0 − X0) − |X0| = n − 2β(G0). So β(G′) ≤ β(G0). On the other hand, since
G′ = G0 + e, we have β(G′) ≥ β(G0). So β(G′) = β(G0). By Lemma 1, ABC(G′) > ABC(G0), contradicting the maximality of
ABC(G0). Thus G0 − X0 does not have an even component.
By Lemma 1, we know that G1,G2, . . . ,Gt and the subgraph induced by X0 are all complete graphs, and any vertex of
G1,G2, . . . ,Gt is adjacent to every vertex in X0. Let |V (Gi)| = ni for i = 1, 2, . . . , t . Suppose without loss of generality that
n1 ≤ n2 ≤ · · · ≤ nt . From the above arguments, we have G0 ∼= Kk(Kn1  Kn2  · · · Knt ).
In the following we will prove that G0 ∼= Kβ Kn−β . Suppose, to the contrary, that we have the following two cases.
Case 1. n1 = n2 = · · · = nt−1 = 1, nt ≥ 3.
Since G0 ∼= Kk(Kn1  Kn2  · · · Knt ), it follows that G0 ∼= Kk(Kn−2β+k−1 K2β−2k+1), which is a subgraph of
Kβ

Kn−β . By Lemma 2, we have ABC(G0) < ABC(Kβ

Kn−β), contradicting the maximality of ABC(G0).
Case 2. There exist i, j ∈ {1, 2, . . . , t} such that 3 ≤ ni ≤ nj.
By Lemma 5, we know that on replacing any pair (ni, nj)with the pair (ni− 2, nj+ 2) the ABC index of G increases. Then
we have
ABC(G0) = ABC

Kk

Kn1

Kn2

· · ·

Knt

< ABC

Kk

Kn−2β+k−1

K2β−2k+1

< ABC

Kβ

Kn−β

,
a contradiction to the maximality of ABC(G0).
Both cases are contradictions, so G0 ∼= Kβ Kn−β and ABC(G) ≤ ABC(G0) = β(β−1)2(n−1)√2n− 4+ β(n− β) β+n−3β(n−1) . 
If β ′ < β , note that Kβ ′

Kn−β ′ is a subgraph of Kβ

Kn−β . By Theorem 3 and Lemma 2, we have the following theorem.
Theorem 4. Let G be a connected graph with n vertices and matching number not more than β , where 1 ≤ β ≤ ⌊n/2⌋.
(i) If β = ⌊n/2⌋, then ABC(G) ≤ n2
√
2n− 4 with equality if and only if G ∼= Kn.
(ii) If 1 ≤ β ≤ ⌊n/2⌋ − 1, then ABC(G) ≤ β(β−1)2(n−1)
√
2n− 4+ β(n− β)

β+n−3
β(n−1) , with equality if and only if G ∼= Kβ

Kn−β .
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